A general simple continua can be enhanced by constitutive equations which depend on the acceleration and velocity gradients to model the effects of a material characteristic length. This paper shows that for irrotational flows of a class of incompressible materials this model yields a Bernoulli equation. Consequently, for this class of materials and flows, it is possible to satisfy the balance of linear momentum exactly, including the effect of a material characteristic length which introduces size dependence of solutions. An example of a rigid circular cylinder moving through an inviscid fluid is considered to demonstrate dependence of the motion on the size of the cylinder.
Introduction
The constitutive equations for most simple continua are formulated in terms of local quantities, such as deformation and rate of deformation which lead to solutions that are insensitive to scaling of all length dimensions in a special problem. However, a number of physical phenomena are observed to be size dependent. In particular, materials that exhibit softening behaviour are prone to localization where severe deformations and deformation rates exist in relatively small regions of the material. For example, it is of interest to understand the thickness of an adiabatic shear band that can occur during high-rate loading of metals. This localization process also causes severe numerical problems with important details of a solution being unphysically dependent on the size of the element mesh.
Modelling a material characteristic length
Recall that for a simple continua a material point located by the position vector X in a fixed reference configuration is deformed to its location x in the present configuration at time t, such that x = x(X, t).
This mapping is restricted so that the deformation gradient F is non-singular with the dilatation J being positive F = ∂x ∂X and J = det(F) > 0, (2.2) and the right Cauchy-Green deformation tensor C is given by where a superposed (·) denotes material time differentiation holding X fixed. Then, the velocity gradient L and rate of deformation tensor D are given by
For a simple continua, the conservation of mass and balance of linear momentum can be expressed in the forms ρJ = ρ 0 (2.6a) and ρa = ρb + divT, (2.6b) where ρ is the current mass density, ρ 0 its reference value, b the body force per unit mass, T the Cauchy stress tensor and div denotes the divergence operator with respect to the current position x. Also, the reduced form of the balance of angular momentum requires T to be a symmetric tensor
Within the context of the general thermomechanical theory proposed by Green & Naghdi [16, 17] , an arbitrary simple continua is characterized by a Helmholtz free energyψ, Cauchy stressT and additional quantities that satisfy the balance laws for all thermomechanical processes. It was shown in the study of Rubin et al. [11] that the effects of a characteristic length can be modelled by separating the total Helmholtz free energy ψ and total Cauchy stress T additively into two parts ψ =ψ +ψ and T =T +T, (2.8)
where {ψ,T} characterize a general continua and {ψ,T} characterize the influence of the characteristic length. More specifically,ψ is taken to be a function of the scalar δ, such that 9) andT is determined by requiring the effect of the characteristic length to be dispersive but nondissipative so the mechanical power associated withT is balanced by the rate of change of the energyψT 10) for all processes. In this expression, A · B = tr(AB T ) is the inner product between two secondorder tensors {A, B}. This leads to the constitutive equatioñ
In addition, it was shown in the appendix of Rubin et al. [11] that the tensor A can be rewritten in the form
It should be mentioned that the theory of dipolar fluids discussed by Bleustein & Green [18] and Green & Naghdi [19] includes a special form for dipolar inertia with the kinetic energy depending linearly on δ in (2.9). This theory of dipolar fluids is different from the simple theory presented in the study of Rubin et al. [11] for which (2.10) and (2.11) hold for all motions. Under superposed rigid body motions (SRBM), the material point x at time t is mapped to the point x + at time t + in the superposed configuration, such that 
In general, the model (2.11) is valid for arbitrary compressible flows and the dependence on a characteristic length is nonlinear sinceψ is a general function of δ. However, here attention will be focused on a simple special case withψ andT taken in the forms
where α is the constant characteristic length.
Bernoulli equation for potential flow of an incompressible material
The model (2.8) which includes the effect of a characteristic length {ψ,T} is valid for general materials characterized by {ψ,T} and for general velocity fields v. However, sometimes it is of interest to consider irrotational potential flow of an incompressible material for which the velocity v is derivable from a potential function φ(x, t), such that
where ∇ 2 φ denotes the Laplacian of φ relative to x. Since the flow is isochoric the dilatation J in (2.6a) equals unity and the density is independent of time
For these flows, the constitutive equation for stress T is modified to take the form
where the constraint responsep is an arbitrary function of {x, t} that is determined by the equations of motion and boundary conditions,T is the deviatoric part ofT 4) and the pressure p is influenced by the stressT associated with the characteristic length. Also, without loss in generality, the pressure term due toT has been absorbed into the arbitrary functionp. In the remainder of this work, attention will be limited to a uniform homogeneous material for which the density ρ is constant. Next, referring all tensors to the rectangular Cartesian base vectors e i (i = 1, 2, 3), it can be shown that for potential flow
where a comma denotes partial differentiation with respect to the components x i = x · e i of x, b ⊗ c denotes the tensor product of two vectors {b, c}, the usual summation convention is used for repeated indices and use has been made of (3.1b). Now, with the help (2.11), (2.17), (3.2) and (3.5) it follows thatT
which shows that the divergence ofT is equal to the gradient of a scalar.
If the body force is derivable from another potential
then with the help of (3.3)-(3.6), it can be shown that the balance of linear momentum (2.6b) simplifies to the form
For some materials and some motions, the constitutive equation forT has the property that its divergence is derivable from yet another potentialV divT = −∇V, (3.9) so that (3.8) can be integrated exactly pointwise to obtain the Bernoulli equation
where g(t) is an arbitrary function of time determined by boundary conditions. For an incompressible Newtonian viscous fluid with constant viscosity μ 11) and (3.10) is again valid for all potential flows. Of course, the expression (3.11) includes the special case of an inviscid fluid by setting μ equal to zero. Also, for a rigid-plastic material with constant yield strength Y the stressT in the plastic region can be expressed in the form
Although (3.9) for this material is not valid for general flows, it was shown in Yarin et al. [22] that V exists for penetration of a rigid projectile with the shape of an Ovoid of Rankine. This model was used to develop the drag force on the projectile and to study the influence of separation on the velocity dependence of the drag force [23] . Thus, the Bernoulli equation (3.10) can be used to generalize all of these problems to include the effect of a constant characteristic length α. However, it is also necessary to generalize the boundary conditions to include the termT so the traction vector t on a surface with unit outward normal vector n is given by t = Tn = (−pI +T +T)n.
(3.13)
Since in general,T has a non-zero deviatoric part the traction vector t will have shearing components on an arbitrary surface. Therefore, even if the simple case of an inviscid fluid is considered (T = 0) the shear stress on a boundary will not necessary vanish. Of course, nonslip boundary conditions for viscous fluids typically yield velocity fields which are not potential flows. Consequently, the usefulness of the Bernoulli equation developed here for viscous fluids depends on the extent to which the actual flow fields can be approximated by potential flows. Moreover, the use of potential flows as an approximation for penetration of projectiles into metal targets is partially justified by the statement by Hill [24] : 'The frictional component can be disregarded because of surface melting'. Based on this notion, the influence of the shear stress on the drag force was neglected in Yarin et al. [22] .
Example of a rigid circular cylinder moving through an inviscid fluid
As a specific example, consider the two-dimensional motion of a rigid circular cylinder of radius b moving through in inviscid incompressible fluid in the positive e 1 direction (figure 1). From section 6.22 in Milne-Thomson [25] , it is possible to write the velocity potential for this motion in the form
where x 1 = z(t) defines the position of the centre of the cylinder whose surface is characterized by the function
and the sign convention for the velocity potential is consistent with (3.1). Moreover, the velocity field v, acceleration field a, the velocity gradient L and the rate of deformation tensor D associated with this potential are given by
and
(e 1 ⊗ e 2 + e 2 ⊗ e 1 ), and it can be shown that the surface of the cylinder is a material surface since the material derivative of f in (4.2) vanishes. Also, for this material (3.11) is valid (μ = 0) so with the help of (3.3), (3.6) and (3.10) the stress is given by T = −pI +T,
where the influence of the body force has been neglected (V b = 0) and it has been assumed that far ahead of the cylinder (x 1 → ∞) the fluid is at rest and the pressure p in (3.3) is equal to the atmospheric pressure p 0 (so that ρg(t) = p 0 ). Moreover, using the cylindrical polar base vectors {e r , e θ } defined by e r = cos θ e 1 + sin θe 2 and e θ = − sin θe 1 + cos θe 2 , (4.5)
it follows that on the surface of the cylinder 6) so the traction vector t in (3.13) applied by the fluid on the surface of the cylinder is given by t = Te r = σ r e r + σ θ e θ ,
The fluid will remain in contact with the cylinder as long as the contact pressure P is non-negative. In particular, cavitation first occurs at the angles θ = ±β where the flow first separates from the cylindrical surface
Also, the contact pressure at the leading tip of the cylinder (θ = 0) is given by
In the study of Milne-Thomson [25] , it is stated that the pressure distribution obtained for an inviscid fluid agrees with experiments on the leading edge of the cylinder but not elsewhere on the cylinder's surface. Assuming that the fluid only remains in contact with the surface of the cylinder on its leading edge (−β ≤ θ ≤ β) with β ≤ π/2, the total drag force F T per unit length applied by the fluid on the cylindrical surface in the (−e 1 ) direction over the contact region is given by
Alternatively, the effect of the shear stress σ θ can be neglected in the calculation of the drag force (as was done in [22] ) to obtain the drag force F n due only to the normal component σ r of the traction
σ r e r b dθ · (−e 1 ),
The balance of linear momentum of the rigid cylinder is given by 13) where ρ c is the constant mass density of the cylinder and the drag force F is given by either of the expressions {F T , F n }. In particular, using the approximation (F = F n ) yields the equation of motion
which must be solved subject to the initial conditions that are specified by
Next, using (4.9) to determine the separation angle β the equation (4.14) can be solved numerically. The main objective of this example is to demonstrate the influence of the characteristic length α on modelling-size dependence of the solution. To this end, an approximate analytical solution is obtained by noting that for large values of U 0 the influence of the atmospheric pressure p 0 can be neglected except when U is very small. Consequently, for the approximate solution p 0 is set equal to zero
Also, the influence ofU in the separation condition (4.9) is neglected to deduce the approximate solution
(4.17)
Then, the equation of motion (4.14) reduces tȯ 18) where the constant C is given by
Equation (4.18) can be integrated with respect to time t or the depth of penetration z to obtain
In the absence of a material characteristic length (α = 0) the separation angle β in (4.17) and the constant C in (4.19) are both independent of the radius b of the cylinder. Consequently, the curves values that would be obtained for a material that has no material characteristic length (α = 0). In particular, from these results, it can be seen that the separation angle and the drag force increase with decreasing size of the cylinder. In particular, the size effect becomes significant when the radius b of the cylinder is of the order of the characteristic length α.
This research was partially supported by M.B.R.'s Gerard Swope Chair in Mechanics.
